Abstract. The present paper studies the structure of characteristic varieties of fundamental groups of graph manifolds. As a consequence, a simple proof of Papadima's question is provided on the characterization of algebraic links that have quasi-projective fundamental groups. The type of quasi-projective obstructions used here are in the spirit of Papadima's original work.
In [20] Ştefan Papadima studied the difference between global and local fundamental groups. A global group is the fundamental group of a smooth quasi-projective variety and it is also known in the literature as a quasi-projective group. A local group is the fundamental group of a small representative of X \ Y , where (Y, 0) ⊂ (X, 0) are germs of analytic isolated singularities at 0 ∈ C N . The main question, as stated in the cited report [20] , is to decide when a local group is global.
As a consequence of Zariski-Lefschetz theory (and its local version by Hamm-Lê [14] ) it is enough to restrict the attention to smooth quasi-projective surfaces (for global groups) and complement of (eventually empty) curves in normal surface singularities. Papadima's question started with the simplest local groups, i.e. the fundamental groups of algebraic links in S 3 .
There is a straightforward partial answer: consider a quasi-homogeneous singularity, that is, the set of zeroes V (F ) ⊂ C N of a quasi-homogeneous polynomial F in N variables. Then the local group of the quasi-homogeneous singularity (V (F ), 0) ⊂ (C N , 0) is a global group, since V (F ) is a small representative and C N \ V (F ) = P N \ (V (F ) ∪ H), where H is the hyperplane at infinity. In [20] , Papadima proves that the local group is not global for almost all algebraic links of more that two irreducible components which cannot be realized by quasi-homogeneous equations. The proof uses the particular structure of the characteristic varieties of quasi-projective groups. Later on, more complete answers have been provided. In [11] Friedl and Suciu showed that prime components
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of closed 3-manifolds (or link complements) with quasi-projective fundamental groups are graph manifolds [23] ; Biswas and Mj [6] characterized quasi-projective fundamental groups of compact 3-manifolds. While these works answer Papadima's question we want to give an alternative proof using techniques similar to those originally used by Papadima, namely the use of quasi-projectivity obstructions coming from characteristic varieties.
The goal of this paper is two-fold: first, a method to calculate fundamental groups and to compute characteristic varieties of graph 3-manifolds is developed in section 2 and second, this method will be used in section 3 to complete Papadima's proof of Theorem 3.1: the fundamental group of an algebraic link in S 3 is global if and only it comes from a germ of plane curve singularity having the topological type of a quasihomogeneous curve. In section 1 a general introduction is given on both algebraic links and characteristic varieties. It is worth mentioning that the proof of the main theorem is constructive in the sense that it allows one to effectively detect the obstruction of a given local group to be global. In section 4 several examples are discussed in order to visualize the techniques used in the proof of the main theorem. This in an example of how Papadima's work has influenced our trajectory.
The idea of the proof in [20] is based on the following fact [9] : Obstruction 1. Let Σ 1 , Σ 2 two irreducible components of Char k (G), the k-th characteristic variety of a quasi-projective group G. Then Σ 1 ∩ Σ 2 is finite.
The characteristic varieties live in a torus T G whose dimension is the rank b 1 (G) of G. If G K is the fundamental group of an algebraic link with r components (b 1 (G K ) = r), the zero locus of the multi-variable Alexander polynomial ∆ K (t 1 , . . . , t r ) ∈ Z[t ±1 1 , . . . , t ±1 r ] coincides with the codimension-1 part of Char 1 (G); a formula for ∆ K is found in [10] . If r > 1 and the ∆ K has more than one essential variable, there are non-disjoint hypersurfaces which intersects at a codimension-2 subvariety, which is infinite if r > 2. The cited obstruction works only for the algebraic links K (with at least three components) such that the geometric decomposition of (S 3 , K) has at least two Seifert pieces containing components of K.
In this work, we will apply further obstructions, see [3, 9] , to provide a complete answer for the complement of non-empty curves in normal surface singularities, which includes the case of algebraic links. We will make use of another obstruction (a direct consequence of [3, Proposition 6.5(4)]):
Obstruction 2. If Σ 1 is an irreducible component of Char k (G) and Σ 2 is an irreducible component of Char k+1 (G) such that Σ 2 Σ 1 , then Σ 2 is a point.
A direct application of this obstruction allows to directly cover some algebraic links with two components but it is not enough to give a complete answer. Nevertheless, we are going to prove in this work that any algebraic link K (which is not topologically equivalent to a link given by quasihomogeneous equations) admits a finite index group H which does not pass the above obstruction. Since quasi-projectivity is closed under finite-index subgroup [22, 12, 13] , the result will follow. These techniques will apply for more general local groups. In order to get the result we will study the characteristic varieties of graph manifolds [23] . It will be particularly useful the plumbing construction of W. Neumann [19] and the presentation of fundamental groups for these manifolds [18, 15] .
1. Settings
Algebraic links.
Let f : (C 2 , 0) → (C, 0) be a germ of analytic function defining an isolated singularity. By Milnor theory [17] , there exists ε 0 > 0 such that f is defined on the Euclidean ball B 4 ε 0 ⊂ C 2 (centered at 0) of radius ε 0 such that C := f −1 (0) is transversal to S 3 ε ∀ε ∈ (0, ε 0 ). As a consequence K ε := C ∩ S 3 ε is a compact oriented manifold of dimension 1 and hence (S 3 ε , K ε ) is a link. It is known that the topological type of the pair (S 3 ε , K ε ) does not depend on ε and it will be denoted as (S 3 , K). It is a link with r connected components, where r is the number of irreducible factors of f ∈ C{x, y}. Moreover, the pair (B 4 ε 0 , C) is homemorphic to the open cone over (S 3 , K). In particular, the local fundamental group associated to the complement of the zero locus of f is isomorphic to π 1 (S 3 \ K) =: G K . Example 1.1. Let f (x, y) := x α y β (x m − y n ), where α, β ∈ {0, 1} and m, n ∈ N. The singularity defined by f is quasihomogeneous and it defines an algebraic link of α + β + d components, where d := gcd(m, n). For this singularity the radius ε can be chosen to be ∞ and then π 1 (C 2 \ C) ∼ = G K , i.e., the local group is global.
The main tool to study the local singularities is the embedded resolution, i.e. a proper holomorphic map π : (X, D) → (C 2 , 0), where X is a smooth surface, D = π −1 (0) and π −1 (C) is a normal crossing divisor. There exists a unique minimal embedded resolution. This information is usually encoded in the dual graph Γ of π −1 (C). In this graph, each irreducible component of D is represented by a vertex v and denoted D v , each irreducible component of the strict transform of C is represented by an arrowhead and each ordinary double point of π −1 (C) is represented by an edge whose extremities correspond to the irreducible components of π −1 (C) containing the branches.
The vertices v (not the arrowheads) of Γ are weighted by
The incidence matrix A of the dual graph of D (with the weights in the diagonal) is a negative definite matrix. The resolution is minimal if and only if the (−1)-vertices of Γ have degree at least 3. The vertices admit another weight, the multiplicities m v,f . They can be defined as the valuation of f • π at D v . We denote also by b v the number of arrowheads neighboring v. These numbers are related by the following equality:
For the multiplicities, if f = f 1 · . . . · f r is the decomposition in irreducible factors, it is also useful to consider the tuple m v = (m v,f 1 , . . . , m v,fr ) for the multiplicities of each branch (satisfying
The dual graph also represents the plumbing graph of the algebraic link, see [19] . The vertices represent oriented S 1 -fiber bundles over S 2 with Euler number the selfintersection, the edges represent the gluing of these fiber bundles after emptying solid tori by interchanging sections and fibers. The arrows represent fibers in the attached vertices and form the link K. Figure 1 ; for each vertex the first weight is e i and the second one is the tuple of multiplicities for each branch (the first one for y 2 − x 5 and the first one for y − x 2 ). Using Seifert-van Kampen Theorem it will be proved in Example 2.5 that
The generators γ v represent fibers for the fibration associated with the vertex v. Proof. The (⇒) part is easily seen. To prove the converse let us start with the simplest case of an algebraic knot. The topology of an algebraic knot is defined by its Puiseux pairs, see e.g. [7] . The number of Puiseux pairs determine the shape of the minimal graph of the embedded resolution (equivalently, the plumbing graph of the link), see Figure 2 . It is well known that In the general reducible case, the graph without the arrowheads must be linear, and it may have arrows at the extremities, and at most one arrow attached to an inner vertex. If there is no inner arrow, there are two possibilities. For the first one, there is at most one arrow at each extremity; by minimality we should have arrows at the extremities and only one vertex, i.e., an ordinary double point which is quasihomogeneous. For the second one, there are two arrows at one of the extremities, and at most one at the other one. By minimality, the first extremity has self-intersection −1 and the rest of them are of self-intersection −2. It is easily seen that those singularities are topologically equivalent to A, D singularities. If there is an inner vertex, this one corresponds to one-Puiseux pair singularity and the result follows. Remark 1.5. Only the trivial knot (smooth branch) and the Hopf link (ordinary double point) have no branching vertex. Remark 1.6. The algebraic links for which G K has been found to be non quasi-projective in [20] are those with at least three connected components, at least two branching vertices and one essential vertex.
One of the main invariants of algebraic links is its Alexander polynomial which can be computed using A'Campo's formula for the zeta function of the monodromy.
This formula has been generalized by Eisenbud and Neumann [10] for the multivariable Alexander polynomial which works also for integral homology spheres. 
where t = (t 1 , . . . , t r ) and t mv = t
Characteristic varieties and obstructions.
Characteristic varieties form a stratification of the space of characters of a group. The special structure of characteristic varieties of quasi-projective groups provide a number of non-trivial obstructions for a group to be quasi-projective. Roughly speaking, the positive-dimensional part of characteristic varieties comes from maps from the quasi-projective variety onto orbicurves; as an extension of Zariski-Lefschetz theory, we may say that most properties of characteristic varieties come from curves. these ideas appeared in Beauville's work [5] for the projective case and were extended to the quasi-projective case by Arapura [2] . Further properties were found by Budur, Dimca, Libgober, Suciu, and the authors in several papers, see [3] for references. Let us introduce what will be needed later.
For a group G (say, finitely presented) we consider its character torus
µ n k , where µ n is the group of complex n-roots of unity. Let X be a topological space (having the homotopy type of a CW -complex) such that π 1 (X) ∼ = G; a character ξ ∈ T G defines a local system of coefficients C ξ for which one may compute its cohomology H * (X; C ξ ); for the index 1 this cohomology group depends only on G and will be denoted by
The k-th characteristic variety of G is defined as:
Note that Char k (G) ⊃ Char k+1 (G) produces a stratification of the space of characters. We may also consider each characteristic strata
The first obstruction we can apply is the following one: the irreducible components of Char k (G) are translated subtori by torsion elements (see [2] ). The following are finer obstructions to being a global group (a quasi-projective group) which will be used in this paper. They can be easily deduced from [8] or [3, Proposition 6.5(3)].
For the sake of completion, we will describe a classical method to explicitly compute dim H 1 (G; C ξ ) from a presentation of G. Assume that G has a presentation
Let ab : G → G/G ′ be the abelianization map and let Λ := C[G/G ′ ]; we denote by t j := ab(x j ), i.e. the ring Λ is the quotient of
m ] by the ideal generated by the abelianization of the relations R j (x), j = 1, . . . , ℓ. In an equivalent way, T G is a subgroup of a torus (C * ) m . The Fox matrix Fox(t) ∈ Mat(ℓ × m; Λ) is defined as follows:
Let us recall the definition of the Fox derivation:
A character ξ ∈ T G defines a morphism Λ → C denoted also by ξ. The evaluation by ξ of the matrix Fox(t) yields a matrix Fox(ξ) ∈ Mat(ℓ × m; C).
Proof. Let us consider the CW -complex associated with the presentation of G and let p be the unique 0-cell. The complex chain is given by 0
where ∂ 1 (x j ) = (ξ(x j ) − 1)p and the matrix of ∂ 2 is t Fox(ξ). The result follows.
The hypersurface part of the first characteristic variety Char 1 (G K ) is the zero locus of the multivariable Alexander polynomial ∆ K (t). In particular, the following result can be proved using Obstruction 3. Note that from Theorem 1.8 the codimension 1 part is a union of tori translated by torsion elements.
Proposition 1.11 ([9]). If G is a global group with
Following Theorem 1.8 and (1.1) it is possible to prove [20, Theorem 4] , i.e., the algebraic links for which G K is non quasi-projective are those for which K has at least three connected components, at least two branching vertices, and one essential vertex. We can extend these arguments for links with two components, for which we need the following result.
Obstruction 4 ([3, Proposition 6.9]). Let G be a quasi-projective group, and let
Note that the multiplicities in ∆ K (t) are not completely related with the hypersurfaces in Char k (G K ), k > 1. The following example deals with this issue. Example 1.12. We continue with Example 1.2. Note that
The intersection of the two hypersurfaces in the zero locus of ∆ K is (t 1 , t 2 ) = (−1, −1). This point should be in Char 2 (G k ) by Obstruction 4. However, by Remark 1.10 we have (−1, −1) ∈ Char 2 (G K ).
Graph manifolds
Graph manifolds were classified by Waldhausen [23] . In this section we will focus on a special class of graph manifolds, namely oriented graph manifolds, made by oriented S 1 -bundles, which are best described by plumbing graphs [19] as we did in §1.1.
The main goal of this section is to provide a presentation of the fundamental group of the complement of a link in such a graph manifold (whose connected components are fibers of some S 1 -bundles). We follow the procedures explained in works of Mumford [18] and Hironaka [15] , see also a recent work of Kollár and Némethi [16] . A complete description is needed for the computation of the Fox matrix and characteristic varieties.
The fundamental group of a plumbing graph.
Let Γ be a connected graph without loops. Let us decompose its set of vertices as a disjoint union V H, where V is non-empty and its elements are called vertices and H is a set of terminal vertices (i.e. of degree 1) and called arrowheads. The set of edges is also decomposed as a disjoint union E F ; the elements of E are called edges and connect two vertices and those of F are called arrows and connect an arrowhead and a vertex. Note that r := |H| = |F | ≥ 0. Let us denote n := |V | > 0. For v, w ∈ V , v = w, we set E v,w as the set of edges connecting v and w. Given an arrowhead h we will denote by v h the unique vertex connected with h; the connecting arrow will be called e h . For a vertex v the set of vertices (resp. arrowheads) connected with v is denoted by V v (resp. H v ).
The vertices are weighted by two functions g, ε : V → Z; the function ε is the Euler number and the function g is the genus, g(v) ≥ 0, ∀v ∈ V ; we will denote g(Γ) := v∈V g(v).
This graph codifies a graph manifold M with a link L of r components. Recall we are only considering oriented graph manifolds such that all its Seifert pieces are Seifert bundles over oriented surfaces.
The following two incidence matrices A = (a vw ) v,w∈V and B = (b vh ) v∈V,h∈H are considered:
For a presentation of π 1 (M \L) we start by fixing a maximal tree T of Γ. It is useful to fix a directed rooted tree structure on T away from the root. This can be extended first to an order on V and then to one on H such that given h ∈ H v and h ′ ∈ H w , then h < h ′ if v < w. Since Γ contains no loops, this ordering produces an orientation respecting it. Also, a linear order will be chosen for the arrowheads H v at each vertex v. Finally, each set of edges E v,w between v, w will be ordered in such a way that the minimal element is the unique edge e 0 ∈ T ∩ E v,w in the maximal tree T that was fixed above. The set E v of edges from v inherits an order respecting both the order in V v and in E v,w , that is, if e, e ′ ∈ E v,w , e ′ ∈ E v,w ′ , then
or w = w ′ and e < e ′ as edges in E v,w .
The notation E * and E * v,w refers to the respective edges outside of the maximal tree T . The generator system for π 1 (M \ L) is obtained as follows:
In order to describe the relations we introduce some notation. For each oriented edge e ∈ E starting at v 1 (e) and ending at v 2 (e) we denote:
γ e if e / ∈ T and v 1 (e) < v 2 (e)
e if e / ∈ T and v 2 (e) < v 1 (e)
We have the following relations:
Remark 2.1. Note that the product in (R1) is taken respecting the order of the vertices in V v . Moreover, for a fixed w ∈ V v the product in e ∈ E v,w is also taken respecting the order in E v,w .
Also note that if H = ∅ any relation in (R2) is a consequence of the relations in (R2) together with (R1) + (R3) + (R4). In order to preserve the symmetry arguments we will consider all the relations for h ∈ H but this fact will be systematically used.
Theorem 2.2. The fundamental group of M \L is generated by (G1)-(G4) with relations (R1)-(R4).
As a consequence, this group admits a presentation with as many generators as relations. If r > 0, one of the relations in (R2) can be omitted.
Proof. We divide the proof in two cases, depending on L:
(1) Case L = ∅. Assume first Γ is a tree. This particular case is proved by induction on the number n of vertices. If n = 1, we have a fibered bundle and the presentation in [21] is given by the generators in (G1), (G2) and (G4), with the relations in (R1), (R2) and (R4) (one of the relations in (R2) being redundant). To finish the induction argument, assume that n > 1. Let v ∈ V a vertex of degree 1 in V ⊂ Γ. Since V has at least two degree-one vertices, one can assume there is at least one arrowhead not in H v . We cut Γ along this edge e = v, w and split Γ in two graphs: a one-vertex graph Γ ′ with an extra arrow h 0 ∈ H ′ v coming from the edge e and another graph Γ ′′ containing Γ \ {v} with the extra arrow h 1 ∈ H ′′ w . Note that Γ ′′ has at least two arrows. Let m ′ , m ′′ be the number of generators of the fundamental groups of the corresponding graph manifolds. In particular, we have m ′ − 1, m ′′ − 1 relations; the discarded relations corresponding to h 0 and an arrowhead of Γ ′′ different from h 1 .
The fundamental group of the graph manifold of Γ is obtained using Seifertvan Kampen Theorem. Since two couples of generators are identified, the number generators is m ′ + m ′′ − 2; it equals the number of relations but we can discard the commutation associated to h 1 , since it coincides to the one associated to h 0 which is redundant. Hence we obtain a presentation with generators (G1), (G2) and (G4), using the relations in (R1), (R2) and (R4) (one relation of (R2) being redundant).
For the general case (still L = ∅), we proceed by induction on the first Betti number m of Γ. The case m = 0 has been treated. It is not hard to see, using the generalized Seifert-van Kampen Theorem that we add in this case the generators in (G3) and the relations in (R3). (2) Case L = ∅. The closed case follows the proof above. When the graph is split, then Γ ′ and Γ ′′ contain only one arrowhead. Using again Seifert-van Kampen Theorem, we kill one generator without adding any relations, obtaining the result.
Remark 2.3. In fact, any edge and any arrow provides a commutator, but only the ones in (R2) and (R3) are needed.
The abelianization of this fundamental group is as follows. The proof is straightforward.
Lemma 2.4. The space H 1 (M \ L) is determined as follows:
(1) Its rank is Corank(A) + r + 2g(Γ) + b 1 (Γ). (2) Its torsion can be obtained from the Smith form of (A|B) ∈ M (n × (n + r); Z).
Then the torus
will be seen as a subtorus of (C * ) n+r+2g(Γ)+b 1 (Γ) . The coordinates of this torus will be
, v ∈ V and t e , e ∈ E * . The equations of T in these coordinates are determined by the matrices A and B as follows:
Example 2.5. We illustrate this method with the link provided in Example 1.2. The tree T is rooted at v 4 and the order is reversed with respect to the labels, that is, v i < v j if j < i. We find six generators; the generators γ i := γ v i , 1 ≤ i ≤ 4, come from (G1) while the generators δ j := γ h j , j = 2, 4, come from (G2). We have the following relations:
Note that one of the relations (R2), say the last one, is a consequence of the other ones. Using the relations (R1), we can eliminate four generators, only γ 1 , γ 3 are kept. The last relation looks like:
i.e., the presentation (1.2).
Example 2.6. Let us compute now the fundamental group of the closed graph manifold in Figure 3 . This manifold M is also a torus bundle over S 1 with monodromy
Figure 3. A closed graph manifold
We choose the order so that v 1 < v 2 and denote the edges in E v 1 ,v 2 as e 0 , e 1 where e 0 ∈ T . One obtains two generators γ 1 , γ 2 of type (G1) and a generator δ = γ e 1 of type (G3). According to Theorem 2.2 here are two relations of type (R1):
no relations of type (R2) and one relation (R3):
One can use (rel 2 ) to eliminate the generator γ 2 obtaining:
The abelianization of the group π 1 (M ) is isomorphic to Z (generated by the image of δ, and the class of γ is trivial), and hence Λ = C[t ±1 ]. The Fox matrix is:
Then Char 1 (G) ⊂ C * is the set of zeroes of t 2 − 3t + 1 (which is also the characteristic polynomial of M). Since the characteristic variety contains non-torsion isolated points, the group is non quasi-projective.
Fox matrices of plumbing graphs.
The twisted cohomology of M \ L, in degree 1, can be computed by means of the Fox matrix as described in section 1.2. Recall in this case it is a square matrix of size n + r + b 1 (Γ) + 2g(Γ) which decomposes as:
In what follows we will describe the submatrices of the Fox matrix.
The matrix A(t).
This is a square matrix of order n. For v ∈ V , the v-row corresponds to the Fox derivation of the type (R1) relation
Hence, the terms of this matrix are as follows. Using (2.3) note that the diagonal term a vv (t) is given by:
For w = v, the term a vw (t) is given by e∈Ev,w T v,e t e , where T v,e :=
and t e follows the same conventions as γ e -see (2.2). Note that A(1) = A as defined in (2.1).
The matrix B(t).
It is a matrix of order n × r (it exists only if r > 0). As for the previous matrices, the v-row corresponds to the Fox derivation of the relation (2.5) with respect to γ h . The term b vh (t) equals
where
Note that B(1) = B as defined in (2.1).
The matrix C(t).
It is a matrix of order n × b 1 (Γ). As for the previous submatrices A(t) and B(t), the v-row corresponds to the Fox derivation of the relation (2.5), in this case with respect to γ e for e ∈ E * . The entry c ve (t) is obtained as
So, any column of C(t) has only two non-zero entries.
The matrices A g (t)
. This matrix is of order n × 2g(Γ). This can be seen as a boxed matrix whose boxes for any given v ∈ V are n × 2g(v) matrices A g,v (t) whose columns are parametrized by α j,v , β j,v , j ∈ {1, . . . , g(v)}. For any A g,v (t) only the α j,v and β j,v columns are non-zero. The elements on these columns are given by:
The matrixB(t).
It is a matrix of order r × n corresponding to the Fox derivation of relations of type (R2) with respect to the variables γ v , v ∈ V . The termb hv (t) is obtained as
Note that each row has exactly one non-zero element.
The matrix H(t).
This is a diagonal matrix of order r×r corresponding to the Fox derivation of relations of type (R2) with respect to the arrowhead generators γ h , h ∈ H. The diagonal term corresponding to h is (t v h − 1).
The matrixC(t).
It is a matrix of order b 1 (Γ) × n corresponding to the Fox derivation of relations of type (R3) with respect to the generators γ v , v ∈ V . In order to describe it, let e be an edge in E * oriented in the standard form so that v 1 (e) < v 2 (e). Theñ
The matrix E(t).
It is the diagonal matrix of order b 1 (Γ) × b 1 (Γ) corresponding to the Fox derivation of the relations of type (R3) with respect to the generators γ e , e ∈ E * . The diagonal entry for e is (t v 1 (e) − 1)(1 − t v 2 (e) ) where v 1 (e) < v 2 (e).
The matrixÃ g (t).
This is the matrix of order 2g(Γ) × n corresponding to the Fox derivation of the relations of type (R4) with respect to the generators γ w , w ∈ V . Symmetrically as was the case for A g (t), it can be seen as a boxed matrix whose boxes are 2g(w) × n matrices A g,w (t). All entries in their columns are zero except at the w row where the respective entries are
(1 − t j,w , 1 − s j,w ).
The matrix G(t).
This is an order 2g(Γ) × 2g(Γ) matrix. One can think of it as a boxed matrix whose boxes G v,w (t) are given by 2g(v) × 2g(w) matrices for any pair of vertices v, w ∈ V . One has the following description of the boxes:
otherwise.
Properties of Fox matrices of plumbing graphs.
With the description of the Fox Matrix Fox(t) given in 2.4, one can in principle compute the characteristic varieties for any pair (M, L) -however computational limitations allow.
To provide some computation-free results, in this section we will provide the cohomology of some particular characters. These results will be used to apply obstruction theorems to quasi-projectivity such as Obstruction 3. Let us consider the following sets of characters
Lemma 2.7. The following properties hold:
Moreover, if ξ ∈ B 0 and g(v) > 0, then
(ii) the only non-zero v-column ofÃ g (ξ) is in the boxÃ g,v (ξ).
The proof of this lemma follows immediately from the description of these submatrices as given in 2.2.4 and 2.2.9. We may use it to apply elementary operations to Fox(ξ) in order to compute its rank. Assumption 2.9. We will assume that A is a negative definite matrix. This is the case when the graph manifold comes from singularity theory.
Let us fix ε > 0 such that the matrix A(t) is negative definite for any value of t such that t v = 1 and |t e − 1| ≤ ε for any v ∈ V and e ∈ E * . Such a value for ε exists, since A(1) = A. Consider
Proof. After a reordering the matrix becomes
The matrix A g=0 (ξ) is a negative definite square matrix whose size is #{v ∈ V | g(v) = 0} and 1 g =0 is the identity matrix with size #{v ∈ V | g(v) > 0}, i.e., the rank of Fox(ξ)
Since the size of Fox(ξ) is n + r + b 1 (Γ) + 2g(Γ), the result follows.
Assume now that g(w) > 0 for some w ∈ V . Let us consider B ε,w ⊂ T defined as B ε , with the only exception that ξ(t j,w ) = ξ(s j,w ) = 1, for 1 ≤ j ≤ g(w). The proof of this result is analogous to that of Theorem 2.10. Proof. From the definitions note that B ε,w ⊂ B ε . Let us assume that w ∈ V is a vertex of positive genus, in particular B ε,w = ∅ and thus infinite. Let ξ w ∈ B ε,w and let ξ ∈ B ε . Note that ξ, ξ w = 1. By Proposition 1.9 and Theorems 2.10 and 2.11 one obtains
by hypothesis. In particular B ε ⊂ V k , k > 0, B ε,w ⊂ V k+1 and both sets are infinite, hence by Obstruction 3, the group π 1 (M \ L) is not quasi-projective.
Applications to algebraic links: main theorem
Assume now (M, L) = (S 3 , K) where K is an algebraic link. The dual graph K is a tree, the incidence matrix A is negative definite and the genus function vanishes. Our purpose is to give a result on quasi-projectivity of such groups, that is, on whether or not such local groups can be global, i.e. fundamental groups of quasi-projective varieties. The key tool here will be to use Corollary 2.12. Proof. Since quasi-projective groups are closed under finite-index subgroups we will seek for finite-index subgroups satisfying the hypotheses of Corollary 2.12.
In order to do so consider L an algebraic link associated with (V (f ), 0) ⊂ (C 2 , 0) and Γ its associated graph. Let e := lcm{m v,f | v ∈ V } be the lcm of the multiplicities m v,f at all vertices in Γ and (M,L e ) the e-fold cyclic cover of (S 3 , L) ramified along all the components of L. The result is a consequence of the following Lemma. Proof. The way to construct the graph of (M,L e ) is as follows. Let f (x, y) = 0 be the equation of a local germ singularity yielding L. Let X ε be a closed Milnor ball and consider the following diagram, where σ : Y ε → X ε is the minimal embedded resolution, f := f • σ,Ỹ ε is the pull-back,Ŷ ε is its normalization and Z ε is its resolution:
The manifold M is the boundary of eitherỸ ε ,Ŷ ε or Z ε ; the preimage of 0 in Z ε is a normal crossing divisor, whose dual graph is the plumbing graph of M . The arrows determiningL e correspond to the preimage of the strict transform of f −1 (0). Note thatŶ ε is not a complex analytic manifold since it admits quotient singularities on the preimages of the double points off −1 (0); the preimage off −1 (0) is a Q-normal crossing divisor, see [4] , admitting also a dual graph. One can obtain the graph of M from this dual graph by replacing some edges by linear subgraphs, corresponding to the Jung-Hirzebruch resolution of the quotient singularities. In particular, the possible positive genus components of the divisor in Z ε appear already inŶ ε .
Let D ∼ = P 1 be a branching component off . These points will be actual ramification points only if
In fact, one does not need to finish constructing the embedded resolution to study this cover. Let σ ′ D : X ′ D → B ε be the composition of blowing-ups such that there is P ∈ X ′ D for which D is the strict transform of the exceptional component of the blowing-up of P . The total transform (f • σ ′ D ) * (0) is a non-reduced curve (multiple components come from the exceptional divisor); its germ at P has r tangent directions with multiplicities m 1 , . . . , m r . We have that m 1 + · · · + m r = m and
Hence, these cyclic covers are actually ramified over more than two points. Such a cover is a positive genus surface. Since we have at least two branch points, the statement holds.
Examples
The purpose of this section is to discus some characteristic examples to visualize the different phenomena described in the proof of the main theorem. where bq − ap = 1. Let us denote α := rq − ps, β = ar − bs; we choose a, b ≥ 0 such that β ≥ 0. The group algebra of G/G ′ over the complex numbers is the quotient C[t ±1
x , t ±1 y , t We obtain the following sets of irreducible components:
• For any ζ s = 1, with ζ s s = 1 consider {t x = ζ s , t The torus T G is the maximal spectrum of Z 4 × Z/2. Let us denote by t 1 , t 2 , t 3 , t 4 the free components and by t 5 the torsion component satisfying t is not a translated subtorus.
